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Abstract
In a series of papers Grassi, Policastro, Porrati and van Nieuwenhuizen have introduced a new
method to covariantly quantize the GS-superstring by constructing a resolution of the pure spinor
constraint of Berkovits’ approach. Their latest version is based on a gauged WZNW model and
a definition of physical states in terms of relative cohomology groups. We first put the off-shell
formulation of the type II version of their ideas into a chirally split form and directly construct
the free action of the gauged WZNW model, thus circumventing some complications of the super
group manifold approach to type II. Then we discuss the BRST charges that define the relative
cohomology and the N=2 superconformal algebra. A surprising result is that nilpotency of the
BRST charge requires the introduction of another quartet of ghosts.
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1
1 Introduction
The classical Green Schwarz superstring1
LGS = −1
2
Πmµ Π
µ
m + LWZ (1.1)
Πmµ = ∂µx
m − iθγm∂µθ − iθˆγm∂µθˆ (1.2)
LWZ = −iεµνΠmµ
(
(θγm∂νθ)− (θˆγm∂ν θˆ)
)
− εµν(θγm∂µθ)(θˆγm∂ν θˆ) (1.3)
is covariant and manifestly spacetime supersymmetric. In this last feature it differs from the RNS
string, where space time supersymmetry only comes in after the GSO projection. The problem for
the Green Schwarz string on the other hand is that a covariant quantization with the standard BRST
procedure does not work. The reason for this misery is a set of 16 mixed first and second class
constraints dzα that cannot be split easily into first and second class type in a covariant manner. The
conjugate momenta pzα of θ
α can be entirely expressed by other phase space variables. pzα minus these
expressions are thus constraints in the Hamiltonian formalism, namely dzα. Half of the constraints are
first class and correspond to a fermionic gauge symmetry, known as κ-symmetry. Siegel [1] had the
idea to make dzα part of a closed algebra by adding the generators that arise via the Poisson bracket
of d with itself. At the quantum level this translates into the current algebra
idzα(z)idzβ(w) ∼ −2i
γmαβΠzm(w)
z − w (1.4)
idzα(z)Πzm(w) ∼ −2γmαβ∂θ
β(w)
z − w (1.5)
Πzm(z)Πzn(w) ∼ − ηmn
(z − w)2 (1.6)
idzα(z)∂θ
β(w) ∼ − iδ
β
α
(z − w)2 (1.7)
which corresponds to a chiral symmetry algebra of a free action
L = −1
2
∂xm∂¯xm + pzα∂¯θ
α + pˆz¯αˆ∂θˆ
αˆ = (1.8)
= −1
2
Πmz Πz¯m + LWZ + dzα∂¯θα + dˆz¯αˆ∂θˆαˆ (1.9)
dµα ≡ pµα − (γmθ)α
(
i∂µx
m +
1
2
θγm∂µθ +
1
2
θˆγm∂µθˆ
)
(1.10)
dˆµαˆ ≡ pˆµαˆ − (γmθˆ)αˆ
(
i∂µx
m +
1
2
θγm∂µθ +
1
2
θˆγm∂µθˆ
)
(1.11)
It has the interesting feature that it coincides with the Green-Schwarz string, if one imposes the
additional constraints dzα = 0 and dˆz¯αˆ = 0 . In the free theory, dzα is a priori not a Hamiltonian
constraint, but the generator of a chiral (not local) symmetry. The second class property of dzα in the
Green-Schwarz string is reflected in the free theory by the fact that the OPE of dzα with itself does
not form a closed subalgebra. Berkovits [2] had the idea to implement the constraint cohomologically
with a BRST operator disregarding its non-closure
Q = −
∮
dziλαdzα −
∮
dz¯iλˆαˆdˆz¯αˆ (1.12)
1xm, θα, θˆαˆ are the coordinates of the target-superspace, where θα and θˆαˆ are Majorana-Weyl, i.e. they each have
16 real components. ⋄
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where λα is a commuting ghost. For first class constraints the BRST cohomology can be built, because
the BRST operator is nilpotent due to the closure of the algebra. For second class constraints, however,
the non-closure implies a lack of nilpotency of the BRST operator. To overcome this problem, Berkovits
put a constraint on the ghost field λ and λˆ, the so called pure spinor constraint
λγmλ = 0 (1.13)
In a series of papers [3] –[9] Grassi, Policastro, Porrati and van Nieuwenhuizen have removed this
extra constraint by adding additional ghost variables. They realized in [7] that their theory has the
stucture of a gauged WZNW model with the complete diagonal subgroup gauged. It is based on the
chiral algebra above (note that we changed the sign of pzα and dzα in our definitions as compared
to [7]). A current can be set to zero by gauging the corresponding symmetry and thus making it a
first class constraint. However, dzα does not form a subalgebra and thus cannot be gauged on its own.
So if one starts gauging dzα and tries to make the resulting BRST-operator (1.12) nilpotent by adding
further ghosts, one automatically arrives at a BRST operator that corresponds to a theory where also
Πzm and ∂θ
α are gauged (see e.g. [6, p.7] or [7, p.4]). But this also removes the physical fields from
cohomology. Therefore a grading was introduced by hand to get the correct cohomology. In a recent
beautiful paper [9] this procedure was replaced by a new approach to the conversion of second class
constraints into first class, which was worked out for the gauging of a coset of a (simple) Lie algebra.
The idea, which may work for a more general set of constraints that generate a first class algebra, is
to gauge the complete algebra and later undo the gauging of the unwanted constraints by building a
relative cohomology with respect to a second BRST operator. In the present paper we discuss this
program for the type II string with some modifications.
Despite of the elegance of the group supermanifold approach, there are some puzzling points about
the WZNW action:
• For the heterotic string one starts with a chiral algebra and gets from the WZNW model a chiral
as well as an antichiral algebra. Somehow one has to get rid of the antichiral one.
• For the type II string one starts with a chiral and an antichiral algebra. Both of them double
and, more severely, because of the central extension of the supersymmetry algebra, the Jacobi
identity forces one to introduce an additional generator with two spinor indices. Thus it has not
been possible yet for us to produce a WZNW action for the type II string.
Although we hope that those problems can be overcome, we shortcut the procedure by directly con-
structing the free field version of the gauged WZNW action.
The paper is organized as follows:
• In section 2 we start with the free field action, discuss its off-shell symmetry algebra generated
by the current dzα and gauge it to turn dzα into a constraint. Before actually gauging the algebra
via the Noether procedure, we make it close off-shell. To this end we introduce auxiliary fields
Pzm and Pz¯m. There still remain double poles in the current algebra, which cause trouble in the
gauging procedure. They can be eliminated by doubling all fields, as it was done in [7], in order
to establish nilpotent BRST transformations. Gauge fixing leads to the BRST-transformations
as they are given in [7].
• In 3 we follow the ideas in [9] to define a relative cohomology, whose purpose will be to undo the
gauging of part of the algebra. A nilpotent second BRST operator can be found for the case of
arbitrary generators of a first class algebra, but the construction presumably has to be modified
for the superstring.
• In 4 we review the operator algebra presented in [7]. It is straightforwardly extended by the new
fields that were introduced in the context of the second BRST operator.
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• In 5, we have a closer look at the final BRST operator proposed in [7], which includes diffeomor-
phism invariance by adding a topological ghost quartet. We come to the conclusion that this
operator has to be modified via a second quartet of ghost fields in order to become nilpotent.
However, we have not found a suitable form of the second BRST operator at this final stage,
because its nilpotency is spoiled by additional terms that are required by diffeomorphism invari-
ance. In this situation one can either do without diffeomorphisms (but keep the N = 2 algebra),
or return to the grading prescription or a modification thereof.
We also want to mention some other recent work that is based on the Berkovits approach [10,11,12].
2 Gauging the Current Algebra
We start with the free field Lagrangian2
L ≡ −1
2
∂xm∂¯xm + pzα∂¯θ
α + pˆz¯αˆ∂θˆ
αˆ = (2.1)
= −1
2
Πmz Πz¯m + LWZ + dzα∂¯θα + dˆz¯αˆ∂θˆαˆ = (2.2)
= −1
2
Πmµ Π
µ
m + LWZ + Pµνdµα∂νθα + P¯µν dˆµαˆ∂ν θˆαˆ (2.3)
Πmµ ≡ ∂µxm − iθγm∂µθ − iθˆγm∂µθˆ (2.4)
dµα ≡ pµα − (γmθ)α
(
i∂µx
m +
1
2
θγm∂µθ +
1
2
θˆγm∂µθˆ
)
(2.5)
dˆµαˆ ≡ pˆµαˆ − (γmθˆ)αˆ
(
i∂µx
m +
1
2
θγm∂µθ +
1
2
θˆγm∂µθˆ
)
(2.6)
LWZ ≡ −iεµνΠmµ
(
(θγm∂νθ)− (θˆγm∂ν θˆ)
)
− εµν(θγm∂µθ)(θˆγm∂ν θˆ) (2.7)
From the first line (2.1) to the second line (2.2) we reexpressed the Lagrangian in terms of supersym-
metric objects3. In (2.2) it becomes obvious that the free field action turns into the Green Schwarz
action for the type II superstring if dzα = 0 and dˆz¯αˆ = 0 are put as extra constraints. The free field
2For a detailed description of our conventions, including the definition of the chiral projector Pµν , we refer to the
appendix. ⋄
3Supersymmetry acts on the superspace coordinates xm, θα and θˆαˆ as follows
δεθ
α = εα
δεθˆ
αˆ = εˆαˆ
δεx
m = i(εγmθ) + i(εˆγmθˆ)
⇒ δε∂θ
α = δε∂θˆ
αˆ = δεΠ
m
µ = 0
The transformations of pµα and pˆµαˆ under supersymmetry δε are defined in such a way that dµα is SUSY inert.
δεpµα = (γmε)α
(
i∂µx
m +
1
2
θγ
m
∂µθ +
1
2
θˆγ
m
∂µθˆ
)
−
1
2
(γmθ)α
(
εγ
m
∂µθ + εˆγ
m
∂µθˆ
)
δεpˆµαˆ = (γmεˆ)αˆ
(
i∂µx
m +
1
2
θγ
m
∂µθ +
1
2
θˆγ
m
∂µθˆ
)
−
1
2
(γmθˆ)αˆ
(
εγ
m
∂µθ + εˆγ
m
∂µθˆ
)
⇒ δεdµα = δεdˆµαˆ = 0
LWZ is not invariant itself, but transforms into a total divergence.
δε
∫
LWZ = 0
We want to have a theory in the end which is manifestly supersymmetric. Therefore the BRST differential to be
constructed should anticommute with supersymmetry. This will be a leading thought in the following. ⋄
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equations (∂∂¯xm = ∂¯θα = ∂¯pzα = ∂θˆ
αˆ = ∂pˆz¯αˆ = 0) imply that dzα is a conserved chiral and dˆz¯αˆ is a
conserved antichiral Noether current
∂¯dzα
eom
= 0, ∂dˆz¯αˆ
eom
= 0 (2.8)
They thus belong to symmetries of the free field action. As discussed in the introduction, we want
to turn those currents into constraints by gauging the symmetries. Instead of the imaginary objects
dzα and dˆz¯α, we take idzα and idˆz¯αˆ as currents. Although we want to discuss the off-shell symmetries,
the symmetry algebra (on-shell) can be most neatly written down in terms of operator products. We
will do so, in order to get an idea, how we have to proceed. On the operator level, idzα is part of the
following operator algebra:
idzα(z)idzβ(w) ∼ −2i
γmαβΠzm(w)
z − w (2.9)
idzα(z)Πzm(w) ∼ −2γmαβ∂θ
β(w)
z − w (2.10)
Πzm(z)Πzn(w) ∼ − ηmn
(z − w)2 (2.11)
idzα(z)∂θ
β(w) ∼ − iδ
β
α
(z − w)2 (2.12)
Here it becomes obvious that d does not form a closed subalgebra. This reflects the fact that it
corresponds to second class constraints in the Green Schwarz string. Instead, the remaining currents
Πzm and ∂θ
α form a (centrally extended) subalgebra. Following the instructions of [9], we thus have
to gauge the complete algebra and later build the relative cohomology of the BRST operator with
respect to a second one which will undo the gauging of Π and ∂θ.
Let us rewrite the algebra in a more general notation:4
JM1(z)JM2(w) ∼ −
JM3f
M3
M1M2
z − w −
HM1M2
(z −w)2 (2.13)
JzM ≡ JM ≡ (Jm, Jα, Jα) ≡ (Πzm, idzα, ∂θα) (2.14)
HM1M2 ≡

 ηm1m2 0 00 0 Hα1α2 = iδα2α1
0 Hα1α2 = −iδα1α2 0

 (2.15)
fm3α1α2 ≡ 2iγmαβ = fm3α2α1 (2.16)
fα3α1m2 ≡ 2γm2 α1α3 = −fα3m2α1 (2.17)
4Here we have a different sign in the definition of the structure constants as compared to [7]. The reason is that in
our conventions the algebra
JM1(z)JM2(w) ∼ −
JM3f
M3
M1M2
z − w
−
HM1M2
(z − w)2
corresponds to a Poisson bracket algebra{
JM1(σ
−), JM2(σ
′−)
}
= 4piJM3f
M3
M1M2δ(σ
1 − σ′1)− 8piHM1M2∂1δ(σ
1 − σ′1)
This is excatly the classical algebra that one gets from a WZNW-model with level n = −2 and with currents
JM ≡
〈
TM , g
−1
∂g
〉
⇐⇒ g−1∂g = TMJ
M
with [TM1 , TM2 ] = TM3f
M3
M1M2
Therefore we think that the sign of the structure constants in [7], eq. (2.3) is not consistent with the choice [TM1 , TM2 ] =
TM3f
M3
M1M2 . That explains the need for a non-invariant metric HMN in [7] to pull the indices of the currents once. ⋄
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We can use the metric and its graded inverse
HM1M2 ≡

 ηm1m2 0 00 0 Hα1α2 = −iδα1α2
0 Hα1α2 = iδα2α1 0

 (2.18)
to pull indices:
JM ≡ (Jm, Jα, Jα) = JNHNM = (Πmz , i∂θα, dzα) (2.19)
For the antichiral currents Jˆz¯M ≡ JˆMˆ ≡ (Jˆm, Jˆαˆ, Jˆαˆ) ≡ (Πz¯m, idˆz¯α, ∂¯θˆαˆ), we define a metric HˆMˆNˆ and
structure constants fˆ Kˆ
MˆNˆ
that are numerically equal to those above.
2.1 The Form of the Transformations to be Gauged
Let us also define a generalized notation for the field content we have so far5
φA ≡ (φm, φα, φα, φαˆ, φαˆ) ≡ (xm, θα, pzα, θˆαˆ, pˆz¯αˆ) (2.20)
Introduce transformation parameters ωM and ωˆMˆ with Lie-Algebra indices
ωM (z) ≡ (ωm, ωα, ωα) = (ωm, ωα,−iωα) (2.21)
ωM(z) ≡ (ωm, ωα, ωα) = (ωm, ωα,−iωα) (2.22)
ωˆMˆ (z¯) ≡ (ωˆm, ωˆαˆ, ωˆαˆ) = (ωˆm, ωˆαˆ,−iωˆαˆ) (2.23)
ωˆMˆ (z¯) ≡ (ωˆm, ωˆαˆ, ωˆαˆ) = (ωˆm, ωˆαˆ,−iωˆαˆ) (2.24)
Noether’s theorem tells us that one gets the current by a local variation of the fields
δωS =
∫
δS
δφA
δωφ
A !=
∫
JM ∂¯ω
M = −
∫
∂¯JMω
M (2.25)
with
δS
δφA
= (∂∂¯xm,−∂¯pzα,−∂¯θα,−∂pˆz¯αˆ,−∂θˆαˆ) (2.26)
Given the currents, we thus can read off the transformations according to (2.25)6
−
∫
∂¯JMω
M =
∫
−∂¯Πzmωm − ∂¯idzαωα + i∂¯∂θαωα = (2.27)
=
∫
∂¯∂xm
{
− ωm + (ωγmθ)
}
− ∂¯pzα (iωα) +
−∂¯θα
{
i∂ωα − 2iωm(γm∂θ)α − i∂ωm(γmθ)α + (γmω)α∂xm +
+
3i
2
(ωγmθ)(γ
m∂θ)α +
i
2
(∂ωγmθ)(γ
mθ)α
}
+
−∂θˆαˆ
{
− i(γmθˆ)α∂¯ωm + i
2
(∂¯ωγmθ)(γ
mθˆ)αˆ
}
(2.28)
There is, however, an arbitrariness: Adding (γmµ)α(θˆγ
m∂θˆ) with some parameter µα to the bracket
behind ∂¯θ and adding at the same time a term (µγm∂¯θ)(γ
mθˆ)αˆ to the bracket behind ∂θˆ
αˆ does not
5We call those fields “matter fields” in the following, in order to distinguish them from ghost fields and auxiliary
fields, which we are going to introduce later. ⋄
6In this and several future calculations, one has to use the Fierz identity γmα(βγ
m
γδ) = 0 . ⋄
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change anything. This is a special form of a trivial gauge transformation7 of pzα and pˆz¯αˆ. Trivial
transformations do not change the currents. We have started with supersymmetric currents and
would have expected that they correspond to transformations which commute with supersymmetry.
But this is only true up to trivial gauge transformations. We do want transformations that commute
with supersymmetry because those transformations will later (after gauging and gauge fixing) turn into
BRST transformations. If we want an off-shell formalism which is manifestly supersymmetric, BRST
should commute with supersymmetry. We therefore choose the transformations in such a way that this
is fulfilled. We further add right now the transformations which correspond to the antiholomorphic
currents:8
δxm = −ωm + (ωγmθ)− ωˆm + (ωˆγmθˆ) (2.29)
δθα = iωα (2.30)
δpzα = i∂ωα − 2iωm(γm∂θ)α − i∂ωm(γmθ)α +
+(γmω)α∂x
m +
3i
2
(ωγmθ)(γ
m∂θ)α +
i
2
(∂ωγmθ)(γ
mθ)α + (2.31)
−3i
2
(γmω)α(θˆγ
m∂θˆ)− i∂ωˆm(γmθ)α + 3i
2
(ωˆγm∂θˆ)(γ
mθ)α +
i
2
(∂ωˆγmθˆ)(γmθ)α
δθˆαˆ = iωˆαˆ (2.32)
δpˆz¯αˆ = i∂¯ωˆαˆ − 2iωˆm(γm∂¯θˆ)αˆ − i∂¯ωˆm (γmθˆ)αˆ +
+(γmωˆ)αˆ∂¯x
m +
3i
2
(ωˆγmθˆ)(γ
m∂¯θˆ)αˆ +
i
2
(∂¯ωˆ γmθˆ)
(
γmθˆ
)
αˆ
+ (2.33)
−3i
2
(γmωˆ)αˆ(θγ
m∂¯θ)− i∂¯ωm(γmθˆ)α + 3i
2
(ωγm∂¯θ)(γ
mθˆ)αˆ +
i
2
(∂¯ωγmθ)(γ
mθˆ)αˆ
7A trivial gauge transformation (see e.g. [13, p.69]) is of the form
δφ
M = (−)NAMN
δS
δφN
with AMN graded antisymmetric. It is a local symmetry that is present for any theory with more than one field, but it
does not imply a gauge freedom:
δS =
δS
δφM
δφ
M = (−)N
δS
δφM
A
MN δS
δφN
= 0
In the present case we have
A
αβˆ = (γmµˆ)βˆ(γ
m
θ)α + (γmµ)α(γ
m
θˆ)βˆ
A
αˆβ = (γmµˆ)αˆ(γ
m
θ)β + (γmµ)β(γ
m
θˆ)αˆ ⋄
8We also could have derived all this using operator product expansions (or classically via the Poisson-bracket). In
the quantized theory, the currents are generators of the symmetry transformations via the operator product:
δωφ
N(w) = Res
z→w
JM (z)ω
M(z)φN(w)
The basic OPEs of the free field theory in our conventions are
∂x
m(z)∂xn(w) ∼ −
ηmn
(z − w)2
pzα(z)θ
β(w) ∼
−δβα
z − w
∼ dzα(z)θ
β(w)
However, the resulting transformations would not contain a priori the terms −i(γmθˆ)α∂¯ω
m + i
2
(∂¯ωγmθ)(γ
mθˆ)αˆ in δpˆz¯αˆ
which are necessary to produce the right off-shell currents. In addition, the same considerations about supersymmetry
and trivial transformations have to be done there, too. ⋄
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It becomes obvious that these transformations commute with supersymmetry, when one varies super-
symmetric objects. The results should again be supersymmetric, which is indeed the case:
δΠzm = −∂ωm + 2(ωγm∂θ)− ∂ωˆm + 2(ωˆγm∂θˆ) (2.34)
δidzα = −∂ωα + 2i(γmω)αΠmz + 2ωm(γm∂θ)α (2.35)
δ∂θα = i∂ωα (2.36)
δΠz¯m = −∂¯ωm + 2(ωγm∂¯θ)− ∂¯ωˆm + 2(ωˆγm∂¯θˆ) (2.37)
δidˆz¯αˆ = −∂¯ωˆαˆ + 2i(γmωˆ)αˆΠmz¯ + 2ωˆm(γm∂¯θˆ)αˆ (2.38)
δ∂¯θˆαˆ = i∂¯ωˆαˆ (2.39)
In the condensed notation, this can be written as
δJM = −∂ωM + JP fPMNωN + (ωˆ − terms) (2.40)
δJˆ
Mˆ
= −∂¯ωˆ
Mˆ
+ Jˆ
Pˆ
fˆ Pˆ
MˆNˆ
ωˆNˆ + (ω − terms) (2.41)
The fact that the transformation of JM contains ωˆ-terms reflects the non-closure of the off-shell algebra
of the transformations.
2.2 Closing the Off-Shell-Algebra
In order to arrive at an off-shell nilpotent BRST differential, one needs an off-shell closed gauge
algebra. The commutators of the transformations generated by Πzm, idzα, ∂θ
α, Πz¯m, idˆz¯αˆ and ∂¯θˆ
αˆ
generate further transformations which we have not yet included in the algebra. This becomes evident
only when a commutator of transformations is acting on d or dˆ.
[δ1, δ2]dzα = 2∂ ((γmω1)αω
m
2 − ωm1 (γmω2)α) + 4(γm∂θ)α(ω1γmω2) + (2.42)
+2(γmω2)α
(
−∂ωˆm1 + 2(ωˆ1γm∂θˆ)
)
− 2(γmω1)α
(
−∂ωˆm2 + 2(ωˆ2γm∂θˆ)
)
The first two terms correspond to transformations with parameter ωα and ω
m respectively. The
last two terms show the non-closure of the algebra. Furthermore, 2(γmω2)α∂ωˆ
m
1 and 2(γmω1)α∂ωˆ
m
2
correspond to pure shifts in dzα or equivalently in pzα. The holomorphic current for this transformation
is θα which is not supersymmetric and thus would spoil commutativity of BRST and SUSY. The reason
for these terms to show up, is the Πzm in the transformation of dzα (2.35). The transformation of
Πzm (2.34) contains (in contrast to the heterotic case) also hatted variables.
In [5, p.11], a nilpotent BRST transformation of dzα was achieved by introducing an auxiliary
variable Pm0 and rewriting the transformations in terms of ∂1-derivatives only. We use a similar ansatz
to get a closed off-shell algebra (this is of course closely related to BRST-nilpotency). However, to
keep the manifest chiral split, we introduce two such variables.
The symmetry algebra closes as long as we consider only the transformations with parameter ωM
or only transformations with parameter ωˆMˆ . This would correspond to the transformations in a chiral
or antichiral heterotic case. In order to get rid of the terms in question, one can thus introduce
auxiliary fields Pz and Pz¯ in the transformation of dz and dˆz¯αˆ that transform as Πz and Πz¯ do in the
chiral or antichiral heterotic case respectively:
δ˜dzα = i∂ωα + 2(γmω)αP
m
z − 2iωm(γm∂θ)α = (2.43)
= δdzα − 2(γmω)α (Πmz − Pmz ) (2.44)
δ˜Pmz
!
= −∂ωm + 2(ωγm∂θ) (2.45)
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Equivalently for dˆz¯αˆ and Pz¯m. These transformations are still supersymmetric within type II if P is
defined to be SUSY-inert. At the same time we have to guarantee that the equations of motions of
the matter fields do not change, that on shell P coincides with Π and that the invariance of the action
under the “global” transformations (holomorphic ωM and antiholomorphic ωˆM ) is conserved. This
can be achieved by adding a term proportional to (P −Π)2 to the action9
L˜ = L+ c
2
(Pmz −Πmz ) (Pz¯m −Πz¯m) (2.46)
with some parameter c yet to be determined by the invariance condition. All the other transformations
remain unchanged10. The variation of the action under local transformations reads:
δ˜S˜ =
∫
δ˜L+ c
2
· δ˜ {(Pmz −Πmz ) (Pz¯m −Πz¯m)} = (2.47)
=
∫
δL + (δ˜ − δ)dzα ∂¯θα + (δ˜ − δ)dˆz¯αˆ∂θˆαˆ + (2.48)
+c ·
{(
(ωˆγm∂θˆ)− 1
2
∂ωˆm
)
(Πz¯m − Pz¯m) +
(
(ωγm∂¯θ)− 1
2
∂¯ωm
)
(Πzm − Pzm)
}
=
=
∫
δL + c
2
∂¯ωm (Pzm −Πzm) + c
2
∂ωˆm (Pz¯m −Πz¯m) + (2.49)
+ (−2 + c) (ωγm∂¯θ) (Πzm − Pzm) + (−2 + c) (ωˆγm∂θˆ) (Πz¯m − Pz¯m)
For the global variation to vanish, we thus have to choose
c = 2 (2.50)
The local variation shows that the old currents Jm and Jˆm change by (Pmz −Πzm) and (Pz¯m −Πz¯m)
respectively.
The action is now of the form (we drop the tilde˜ of the new action and transformations)
S =
∫
Pmz Pz¯m − Pmz Πz¯m −Πmz Pz¯m +
1
2
Πmz Πz¯m + LWZ + dzα∂¯θα + dˆz¯αˆ∂θˆαˆ = (2.51)
=
∫
(Pmz −Πmz ) (Pz¯m −Πz¯m)−
1
2
∂xm∂¯xm + pzα∂¯θ
α + pˆz¯αˆ∂¯θˆ
αˆ (2.52)
and is invariant under global chiral and antichiral transformations. The new local transformations
read:
δdzα = i∂ωα + 2(γmω)αP
m
z − 2iωm(γm∂θ)α (2.53)
δdˆz¯αˆ = i∂¯ωˆαˆ + 2(γmωˆ)αˆP
m
z¯ − 2iωˆm(γm∂¯θˆ)αˆ (2.54)
δPmz = −∂ωm + 2(ωγm∂θ) (2.55)
δPmz¯ = −∂¯ωˆm + 2(ωˆγm∂¯θˆ) (2.56)
The off-shell algebra for the local transformations is now closed.
9Varying with respect to Pmz and P
m
z¯ yields for c 6= 0 algebraic equations of motion P
m
z = Π
m
z and P
m
z¯ = Π
m
z¯ .
Reinserting those equations returns the old action. For c = 1 the Π2-term cancels with that of the original action and
one gets a first order action. ⋄
10The change of the transformation of d and dˆ has to be implemented by appropriate changes in the transformation
of p and pˆ. However, the information of δp is completely encoded in the transformation of the other elementary fields
and the transformation of d. In the following, we will therefore only write down transformations of d instead of p. ⋄
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2.3 Gauging
Gauging an algebra means introducing some gauge fields (connections) such that the corresponding
symmetry becomes local. Therefore one gets a gauge symmetry with its generators (the currents)
constrained to zero. This can be done by an iterative procedure known under the name Noether’s
method (see e.g. [14, 15]).
From the local variation (2.50) we have seen that the only currents that change off-shell are Πzm → Pzm
and Πz¯m → Pz¯m. The new currents are thus
JzM = (Pzm, idzα, ∂θ
α) (2.57)
Jˆ
z¯Mˆ
= (Pz¯m, idˆz¯αˆ, ∂¯θˆ
αˆ) (2.58)
They transform in the following way
δJM = −∂ωM + JP fPMNωN (2.59)
δJˆ
Mˆ
= −∂¯ωˆ
Mˆ
+ Jˆ
Pˆ
fˆ Pˆ
MˆNˆ
ωˆNˆ (2.60)
Now we are going to perfom the Noether procedure. For simplicity we will stay in the condensed
notation and only consider the chiral symmetry. The antichiral symmetry is treated analogously.
We are going to introduce gauge fields AMz¯ in order to make the symmetries local. It is useful for
bookkeeping to define a grading that counts the number of gauge fields. This induces a grading for the
variation δ, depending on whether it increases or decreases the grading of the fields. We will denote
the grading by a lower index. So far we have
S0 =
∫
Pmz Pz¯m − Pmz Πz¯m −Πmz Pz¯m +
1
2
Πmz Πz¯m + LWZ + dzα∂¯θα + dˆz¯αˆ∂θˆαˆ (2.61)
δ0S0 =
∫
JzM ∂¯ω
M (2.62)
The next well known step is to add a coupling of gauge fields to the currents
S1 = −
∫
JzMA
M
z¯ (2.63)
Defining
δ−1A
M
z¯ = ∂¯ω
M (2.64)
the variation of order zero vanishes (δ−1JM = 0 as JM does not contain any gauge fields and thus
cannot be decreased in their number)
δ0S0 + δ−1S1 = 0 (2.65)
Terms of order 1 in the grading are δ1S0, δ0S1 and δ−1S2. We would be done, if δ0S1vanished on its
own.
δ0S1 =
∫
−δ0JzM AMz¯ − JzMδ0AMz¯ = (2.66)
=
∫
− (JzP fPMNωN − ∂ωM)AMz¯ − JzP δ0APz¯ (2.67)
We can only cancel the first term by defining
δ0A
P
z¯ = −fPMNωNAMz¯ (2.68)
⇒ δ0S1 =
∫
∂ωMA
M
z¯ (2.69)
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The terms −∂ωM in the transformation (2.59) of the currents keep the procedure from terminating
after this first step. These terms correspond to the double poles in the current algebra (2.13). One
can now use a simple trick and introduce a number of auxiliary fields that produce the same algebra
with a different sign for the double poles. Adding those currents to the original ones makes the double
poles vanish. The simplest way to do this, is to double the fields (including P ), and subtract from
the original Lagrangian the same Lagrangian in terms of the auxiliary fields.11 This is similar to the
gauged WZNW model, where one arrives at an analogous doubling after gauge fixing and an adequate
parametrization of the surviving gauge fields [16,17]. The original variables in WZNW are embedding
functions g into a group manifold, and the auxiliary fields are usually called h. The coordinates of
the free theory do not parametrize a group manifold (since pzα is an elementary field). But because
of this similarity, we put an index h to our auxiliary variables and refer to the resulting currents as
h-currents.
S ≡ Sold − Sh (2.70)
The h-action is of course seperately invariant under the same chiral transformations expressed in h-
coordinates as the original Lagrangian. Let us call the corresponding transformation parameters ωhM .
For our purpose we have to choose ωhM = ωM . In addition to (2.29), (2.30), (2.32) and (2.53)-(2.56)
we get the following transformations:
δxhm = −ωm + (ωγmθh)− ωˆm + (ωˆγmθh) (2.71)
δθhα = iωα (2.72)
δdhzα = i∂ωα + 2(γmω)αP
m
z − 2iωm(γm∂θ)α (2.73)
δP hmz = −∂ωm + 2(ωγm∂θ) (2.74)
δθˆh αˆ = iωˆαˆ (2.75)
δdˆhz¯αˆ = i∂ωˆαˆ + 2(γmωˆ)αP
hm
z¯ − 2iωˆm(γm∂θˆh)αˆ (2.76)
δP hmz¯ = −∂¯ωˆm + 2(ωˆγm∂¯θˆh) (2.77)
Variation of the action under local transformations yields
δωS =
∫ (
JM + J
h
M
)
∂¯ωM +
(
Jˆ
Mˆ
+ Jˆh
Mˆ
)
∂ωˆMˆ (2.78)
where JhM ≡ −(P hzm, idhzα, ∂θhα) JˆhMˆ ≡ −(P hz¯m, idˆhz¯αˆ, ∂¯θhαˆ) (2.79)
The transformation of the complete currents now has vanishing double poles (no ∂ωM -terms)
δ(JzM + J
h
zM ) = (JzP + J
h
zP )f
P
MNω
N (2.80)
δ(Jˆ
z¯Mˆ
+ Jˆh
z¯Mˆ
) = (Jˆz¯P + Jˆ
h
z¯P )fˆ
Pˆ
MˆNˆ
ωˆNˆ (2.81)
and the gauged action only needs the coupling to the connection
Sgauged = S − Sh −
∫
(JM + J
h
M )A
M
z¯ −
∫
(Jˆ
Mˆ
+ Jˆh
Mˆ
)AˆMˆz (2.82)
with
δAPz¯ = ∂¯ω
P − fPMNωNAMz¯ (2.83)
δAˆPˆz = ∂ωˆ
Pˆ − fˆ Pˆ
MˆNˆ
ωˆNˆ AˆMˆz (2.84)
11In [7, p.8] this trick was used to make the BRST transformations nilpotent. ⋄
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2.4 Gauge Fixing and BRST Transformation
One can use the gauge freedom to put all the gauge fields to zero again. Within the standard BRST
formalism we introduce ghosts by rewriting the transformation parameters as
ωM ≡ ΛcM , ωˆMˆ ≡ ΛcˆMˆ (2.85)
with an anticommuting imaginary global parameter Λ and the ghost fields cM . The BRST differential
s on the elementary fields is then defined as the transformation without this parameter
δωφ
M ≡ Λ · sφM (2.86)
The action is of course still invariant under this transformation. We add the usual gauge fixing and
ghost term to the Lagrangian:
Lqu = Lgauged + s(bMAMz¯ ) (2.87)
with
sbM = ΛM (2.88)
sΛM = 0 (2.89)
where ΛM is the Lagrange multiplier field and has nothing to do with the scalar parameter Λ. The
BRST-transformation of the ghosts is defined such that s becomes nilpotent.
From the gauge transformation of the gauge field
δAPz¯ = ∂¯ω
P − fPMNωNAMz¯ (2.90)
we can read off its BRST transformation by pulling the parameter Λ to the front:12
sAPz¯ = ∂¯c
P − (−)N+M+P fPMNcNAMz¯ (2.91)
⇒ s(bPAPz¯ ) = ΛPAPz¯ − (−)P bP ∂¯cP + (−)N+MbP fPMNcNAMz¯ (2.92)
The complete quantum action is thus
Squ = Sgauged +
∫
ΛPA
P
z¯ − (−)P bP ∂¯cP + (−)N+MbP fPMNcNAMz¯ (2.93)
Varying with respect to ΛM and A
M
z¯ yields algebraic equations for those fields
AMz¯ = 0 (2.94)
ΛM = (JM + J
h
M )− (−)N+M bPfPMNcN (2.95)
which can be reinserted to finally arrive at the following action (which we will call simply S again):
S =
∫
Pmz Pz¯m − Pmz Πz¯m −Πmz Pz¯m +
1
2
Πmz Πz¯m + LWZ + dzα∂¯θα + dˆz¯αˆ∂θˆαˆ +
−
(
P hmz P
h
z¯m − P hmz Πhz¯m −Πhmz P hz¯m +
1
2
Πhmz Π
h
z¯m + LhWZ + dhzα∂¯θhα + dˆhz¯αˆ∂θˆh αˆ
)
+
+βzm∂¯ξ
m + ωzα∂¯λ
α + καz ∂¯χα + βˆz¯m∂ξˆ
m + ωˆz¯αˆ∂λˆ
αˆ + κˆαˆz¯ ∂χˆαˆ (2.96)
12The ghosts as well as the antighosts have an anticommuting body, i.e. the grading of cM is
| cM |=|M | +1
It thus makes sense to have contractions of the form (−)P bP c
P ⋄
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Here we have defined13
cM ≡ (−ξm, λα, χα) (2.97)
⇒ cM = (−ξm, iχα,−iλα) (2.98)
and bM ≡ (βzm, ωzα, καz ) (2.99)
⇒ bM = (βmz , iκαz ,−iωzα) (2.100)
and equivalent relations for the hatted ghosts. From the former gauge transormations (2.29), (2.30),
(2.32), (2.53)-(2.56) and (2.71)-(2.77) we can read off the BRST transformations
sxm = ξm + (λγmθ) + ξˆm + (λˆγmθˆ) (2.101)
sθα = iλα (2.102)
sdzα = −∂χα + 2(γmλ)αPmz + 2iξm(γm∂θ)α (2.103)
sPmz = ∂ξ
m + 2(λγm∂θ) (2.104)
sθˆαˆ = iλˆαˆ (2.105)
sdˆz¯αˆ = −∂¯χˆαˆ + 2(γmλˆ)αˆPmz¯ + 2iξˆm(γm∂¯θˆ)αˆ (2.106)
sPmz¯ = ∂¯ξˆ
m + 2(λˆγm∂¯θˆ) (2.107)
sxhm = ξm + (λγmθh) + ξˆm + (λˆγmθˆh) (2.108)
. . .
The transformation of the supersymmetric momentum has the form
sΠmµ = ∂µξ
m + 2(λγm∂µθ) + ∂µξˆ
m + 2(λˆγm∂µθˆ) (2.109)
Up to the signs of pzα, dzα, βzm, ωzα and κ
α
z these transformations coincide in the chiral sector after
integrating out Pzm and Pz¯m with those in [7].
In order to make the BRST transformations nilpotent, the ghosts have to transform in the following
way:14
scM = −(−)K 1
2
fMLKc
KcL (2.110)
or in detail
sξm = −i(λγmλ) (2.111)
sλα = 0 (2.112)
sχα = 2(γmλ)αξ
m (2.113)
and similar transformations for the hatted ghosts. The transformation of the antighosts sbM = ΛM
turns via (2.95) into
sbM = (JM + J
h
M )− (−)N+MbP fPMNcN (2.114)
or in detail
sβzm = (Pzm − P hzm)− 2(κzγmλ) (2.115)
sωzα = (idzα − idhzα)− 2iβzm(γmλ)α − 2(γmκz)αξm (2.116)
sκαz = (∂θ
α − ∂θhα) (2.117)
13Like for pzα we use a sign for the antighosts in the action that differs from that in [7]. ⋄
14Taking into accout the appropriate grading signs modifies the general form of the gauge transformations to the
following BRST transformations of the currents
sJN = (−)
N+M
JP f
P
NM c
M − ∂cN
Demanding nilpotency for this formulae in condensed notation yields (using the Jacobi-identity) the transformation of
the ghosts. ⋄
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2.5 BRST Current, Composite B-field and Energy Momentum Tensor
The BRST current can be derived by making the anticommuting transformation parameter Λ of the
BRST transformation δΛ(. . .) = Λs(. . .) local. From the chiral transformations we know that the
variation of the “matter part” (without ghosts) is
∫
(JM + J
h
M )∂¯(Λc
M ). The variation of the complete
action under local BRST is thus
δΛS =
∫
(JM + J
h
M )∂¯(Λc
M ) + (Jˆ
Mˆ
+ Jˆh
Mˆ
)∂(ΛcˆMˆ )− δΛ
(
(−)M bM ∂¯cM + (−)Mˆ bˆMˆ ∂¯cˆMˆ
)
= (2.118)
=
∫
∂¯Λ
(
(−)M (JM + JhM )cM + bMscM
)
+ ∂Λ
(
(−)Mˆ (Jˆ
Mˆ
+ Jˆh
Mˆ
)cˆMˆ + bˆ
Mˆ
scˆMˆ
)
(2.119)
We can read off the BRST currents
jBz = (−)M (JM + JhM )cM − (−)K
1
2
bMf
M
LKc
KcL = (2.120)
= −(Pzm − P hzm)ξm − (idzα − idhzα)λα − (∂θα − ∂θhα)χα + iβzm(λγmλ) + 2(κzγmλ)ξm (2.121)
ˆBz¯ = −(Pz¯m − P hz¯m)ξˆm − (idˆz¯αˆ − idˆhz¯αˆ)λˆαˆ − (∂¯θˆαˆ − ∂¯θˆh αˆ)χˆαˆ + iβˆz¯m(λˆγmλˆ) + 2(κˆz¯γmλˆ)ξˆm (2.122)
which on-shell coincide with that of the chiral or antichiral heterotic string respectively.
For gauged WZNW models there exists in general an operator Bzz which makes Tzz BRST-exact
(see [18, p.24])
Tzz = [Q,Bzz] (2.123)
where Q =
∮
jB (2.124)
For the covariant superstring based on the gauged WZNW model, it is explicitely written down
in [7, p.11] and is important to build up the N = 2 superconformal algebra together with the BRST-
current, Tzz and the ghost current. Having carefully performed the local BRST variation above makes
it now simple for us to recognize the symmetry corresponding to Bzz in these calculations: Looking
at the ghost action
Sgh =
∫
−(−)MbM ∂¯cM − (−)Mˆ bˆMˆ∂cˆMˆ =
∫
−(−)McM ∂¯bM − (−)Mˆ cˆMˆ∂bˆMˆ (2.125)
it becomes clear that bM and c
M can interchange their role, as long as the conformal weight of bM is
of no importance. That means one can construct a new symmetry by interchanging cM ↔ bM and
cˆMˆ ↔ bˆMˆ , or in detail
−ξm ↔ βmz −ξˆm ↔ βˆmz¯
λα ↔ iκαz and λˆαˆ ↔ iκˆαˆz¯
χα ↔ −iωzα χˆαˆ ↔ −iωˆz¯αˆ
(2.126)
Performing this exchange in all BRST transformations would yield another fermionic nilpotent trans-
formation. However, the aim is that the generator fulfills (2.123). Tzz is basically the square of the
original currents minus the square of the h-currents plus ghost terms. In the BRST-current, we have
(J + Jh)-terms. We therefore need (J − Jh) terms in the Bzz-current. Changing the relative sign of
the transformation parameter for the original fields and for the h-fields does not affect the invariance
of the matter action, as the h-part and the original part are invariant independently. The resulting
contribution to the current from the matter part is then the difference of JM and J
h
M , as desired. Call
ΛB the transformation parameter corresponding to Bzz and t the fermionic transformation without
this parameter
δΛB (. . .) ≡ ΛBt(. . .) (2.127)
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The variation of the complete action with respect to this transformation yields
δΛBS =
∫
∂¯ΛB
(
(−)M (JM − JhM )bM + cM tbM
)
+ (−)MΛB(JM − JhM )∂¯bM +
−(−)MΛBtcM ∂¯bM +ΛBcM ∂¯tbM +
+∂ΛB
(
(−)Mˆ (Jˆ
Mˆ
− Jˆh
Mˆ
)bˆMˆ + cˆ
Mˆ
tbˆMˆ
)
+ (−)MˆΛB(JˆMˆ − JˆhMˆ )∂¯bˆ
Mˆ +
−(−)MˆΛBtcˆMˆ ∂¯bˆMˆ +ΛB cˆMˆ ∂¯tbˆMˆ (2.128)
One can easily complete this transformation to a global symmetry of the whole action by defining
tcM = (JM − JhM ) and tbM = 0 and the same for the hatted ghosts. Nilpotency (which is the reason
not to make this simple choice in the case of BRST symmetry) is lost already after changing the
relative sign between the currents. The holomorphic current for this new symmetry can then be read
off to be (−)M (JM −JhM )bM . In order to obtain the proper energy momentum tensor in an OPE with
jB , this current has to be multiplied with an additional factor of −12 :
Bzz = −1
2
(Pzm + P
h
zm)β
m
z +
i
2
(idzα + id
h
zα)κ
α
z −
i
2
(∂θα + ∂θhα)ωzα (2.129)
Bz¯z¯ = −1
2
(Pz¯m + P
h
z¯m)βˆ
m
z¯ +
i
2
(idˆz¯αˆ + idˆ
h
z¯αˆ)κˆ
αˆ
z¯ −
i
2
(∂¯θˆαˆ + ∂¯θˆh αˆ)ωˆz¯αˆ (2.130)
The so defined Bzz is a homotopy for the energy momentum tensor Tzz only on the operator level
and not as an off shell current:15
sBzz = −(−)M 1
2
(
(JP − JhP )fPNMcM − 2∂cN
)
bN +
−(−)M 1
2
(JM − JhM )
(
(JM + J
h
M )− (−)N+M bPfPMNcN
)
(2.131)
= −1
2
JMJ
M +
1
2
JhMJ
hM − (−)M bM∂cM = (2.132)
= −1
2
PzmP
m
z + dzα∂θ
α +
1
2
P hzmP
hm
z − dhzα∂θhα +
+βzm∂ξ
m + ωzα∂λ
α + καz ∂χα = (2.133)
on shell
= Tzz (2.134)
The off-shell holomorphic energy momentum tensor instead includes Πz and the hatted fields:
Tzz = (Pz −Πz)2 − 1
2
ΠzmΠ
m
z + dzα∂θ
α + dˆzαˆ∂θˆ
αˆ +
−
(
P hz −Πhz
)2
+
1
2
ΠhzmΠ
hm
z − dhzα∂θhα − dˆhzαˆ∂θˆh αˆ +
+βzm∂ξ
m + ωzα∂λ
α + καz ∂χα + βˆzm∂ξˆ
m + ωˆzαˆ∂λˆ
αˆ + κˆαˆz ∂χˆαˆ (2.135)
Similarly we have on shell sBz¯z¯ = Tz¯z¯.
3 The Second BRST Operator
Following the ideas of [9] we now introduce a second BRST-operator and define a relative cohomology
whose purpose is to undo the gauging of Πz, ∂θ, Πz¯ and ∂¯θˆ. We review the essential ideas and extend
the construction to an arbitrary set of constraints that generate a first class system.
15Attention: For JN − J
h
N , the double poles do not vanish!
s(JN − J
h
N ) = (−)
N+M (JP − J
h
P )f
P
NM c
M − 2∂cN ⋄
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Consider a gauge algebra with generators GM =
∮
JM
[GM , GN ] = GKf
K
MN (3.1)
and assume that we only want to gauge symmetries which correspond to some subset of generators
Gα that do not generate a subalgebra. Call the remaining generators Ga
GM ≡ (Ga, Gα) (3.2)
In order to gauge the generators Gα one has to gauge at first the complete algebra and end up at the
usual BRST operator Q =
∮
jB of the form (compare (2.120))
Q =
∮
(−)MJM cM − (−)K 1
2
bMf
M
LKc
KcL (3.3)
The indices of the ghosts and antighosts split in the same way as those of the generators GM in (3.2).
In order to undo the gauging of Ga, we set the corresponding ghosts c
a cohomologically to zero by
making them exact. However, ca cannot be exact with respect to Q, because the BRST transformation
of ca is already fixed to something nonzero. Therefore a second BRST operator Qc =
∮
jc and some
new fields have to be introduced. The old ghosts ca and antighosts ba, as well as all the new fields will
be removed from cohomology via the following diagram:
ba c
a
Qc
ց
Qc
ր
↓ K πa ϕa ↑ −K
Q
ր
Q
ց
b′a c
′a
(3.4)
Here c′a and b′a are new ghosts and antighosts with grading | a | +1, while πa and ϕa are fields with
ghost number 0 and grading | a |. K will be explained below. The contribution of the new fields to
the Lagrangian is
L′ = −(−)ab′a∂¯c′a+ πa∂¯ϕa (3.5)
To comply with (3.4) Q has to be extended by a term (−)aπac′a.
Q =
∮
(−)MJM cM − (−)K 1
2
bMf
M
LKc
KcL + (−)aπac′a (3.6)
⇒ sb′a = πa (3.7)
sϕa = c′a (3.8)
One can construct a suitable Qc that anticommutes with Q as the commutator of Q with a homotopy
operator K
K ≡
∮
k ≡
∮
(−)ab′aca (3.9)
⇒ δkc′a = −ca (3.10)
δkba = b
′
a (3.11)
Qc ≡
∮
jc ≡ [Q,K] (3.12)
=
∮
(−)aπaca+ (−)N 1
2
b′af
a
MNc
NcM (3.13)
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with corresponding transformations
scbM = sδkbM︸ ︷︷ ︸
πa for M = a
+(−)N+M
(
b′bf
b
MNc
N
)
(3.14)
scϕ
a = ca (3.15)
scc
′a = (−)K 1
2
faLKc
KcL = −sca (3.16)
The Jacobi identity implies
[Q,Qc] = 0 and [Qc, Qc] = [Q, [K,Qc]] (3.17)
It is thus sufficient to check δKQc = 0, which is obviously the case, to obtain nilpotency of the second
BRST operator
[Qc, Qc] = 0 (3.18)
Equation (3.14) differs a little bit from the diagram (3.4). That does not hurt, as πa according to (3.7)
is already BRST exact with respect to Q. Physical observables are then defined to lie in the relative
cohomology of Q with respect to Qc.
Part of Q turns out to be exact with respect to Qc. If we define
Ξ ≡ (−)abac′a+
(
Ja− (−)γ+abαfαaγcγ
)
ϕa (3.19)
then Q can be written as
Q =
∮
(−)αJαcα − (−)β 1
2
bγf
γ
αβc
βcα + scΞ+
−(−)b1
2
bγf
γ
abc
bca− (−)N b′
b
fbaNc
Nc′a− (−)γ+a+N+αb′
b
fbαN c
Nfαaγc
γϕa (3.20)
For the gauging of the roots of a simple Lie algebra all structure constants in the second line vanish [9].
For superstrings, on the other hand
Q =
∮
(−)αJαcα + sc Ξ− (−)αb′bfbaαcαc′a (3.21)
for the chiral sector. It may therefore be necessary to modify Q or/and K in order to get the Berkovits
BRST charge up to Qc-exact terms.
Actually, for the string there are two algebras with currents J + Jh and Jˆ + Jˆh, where
JM = (Jm, Jα, Jα) = (Πzm, idzα, ∂θ
α) Jˆ
Mˆ
= (Jˆmˆ, Jˆαˆ, Jˆαˆ) = (Πz¯m, idˆz¯αˆ, ∂¯θˆ
αˆ) (3.22)
Ja = (Jm, Jα) = (Πzm, ∂θ
α) Jˆaˆ = (Jˆmˆ, Jˆαˆ) = (Πz¯m, ∂¯θˆ
αˆ) (3.23)
The detailed translation of the ghosts and antighosts and the new fields looks as follows
ca ≡ (cm, cα) = (−ξm, χα) cˆaˆ ≡ (cˆm, cˆαˆ) = (−ξˆm, χˆαˆ)
ba ≡ (bm, cα) = (βzm, καz ) bˆaˆ ≡ (bˆm, cˆαˆ) = (βˆzm, κˆαˆz )
c′a ≡ (c′m, c′α) = (−ξ′m, χ′α) cˆ′aˆ ≡ (cˆ′m, cˆ′αˆ) = (−ξˆ′m, χˆ′αˆ)
b′a ≡ (b′m, c′α) = (β′zm, κ′αz ) bˆ′aˆ ≡ (bˆ′m, cˆ′αˆ) = (βˆ′zm, κˆ′αˆz )
ϕa ≡ (ϕm, ϕα) ≡ (ϕm,−iϕα) πˆaˆ ≡ (πˆm, πˆαˆ) ≡ (πˆm,−iπˆαˆ)
πa ≡ (πm, πα) ≡ (πm,−iπα) πˆaˆ ≡ (πˆm, πˆαˆ) ≡ (πˆm,−iπˆαˆ)
(3.24)
The general equations thus translate into
L′ = β′zm∂¯ξ′m + κ′αz ∂¯χ′α + πa∂¯ϕa+
+βˆ′z¯m∂ξˆ
′m + κˆ′αˆz¯ ∂χˆ
′
αˆ + πˆaˆ∂ϕˆ
aˆ (3.25)
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jBz = −(Pzm − P hzm)ξm − (idzα − idhzα)λα − (∂θα − ∂θhα)χα +
+iβzm(λγ
mλ) + 2(κzγmλ)ξ
m − πmξ′m − παχ′α (3.26)
sβ′zm = πm (3.27)
sκ′αz = πα = −iπα (3.28)
sϕm = −ξ′m (3.29)
sϕα = −isϕα = χ′α (3.30)
kz ≡ −β′zmξm − κ′αz χα (3.31)
δkξ
′m = −ξm (3.32)
δkχ
′
α = −χα (3.33)
δkβzm = β
′
zm (3.34)
δkκ
α
z = κ
′α
z (3.35)
jcz ≡ skz = −πzmξm − πzαχα − iβ′zm(λγmλ)− 2(κ′zγmλ)ξm (3.36)
scβzm = πm + 2(κ
′
zγmλ) (3.37)
scκ
α
z = πα (3.38)
scωzα = 2iβ
′
zm(γ
mλ)α + 2(γmκ
′
z)αξ
m (3.39)
scϕ
m = −ξm (3.40)
scϕ
α = χα (3.41)
scξ
′m = i(λγmλ) = −sξm (3.42)
scχ
′
α = −2(γmλ)αξm = −sχα (3.43)
and the same for the hatted fields, which are contained in the z¯-component of the currents.
The new fields contribute to the on-shell energy momentum tensor in the following way
Tzz → Tzz − (−)ab′a∂c′a+ πa∂ϕa (3.44)
= Tzz + β
′
zm∂ξ
′m + κ′αz ∂χ
′
α + πza∂ϕ
a (3.45)
Changing the composite B-field
Bzz → Bzz + b′a∂ϕa (3.46)
repairs the on-shell relation
Tzz
on−shell
= sBzz (3.47)
4 Operator Algebra
Left moving and rightmoving sector do not mix on-shell, and we thus concentrate on the left-moving
sector only. On the operator level, we have the same algebra as in [7], namely a Kazama algebra. The
new ghosts and fields c′a, b′a, ϕ
a and πa do not disturb this structure, but change the ghost number
anomaly. For completeness, we present the algebra here again:16
T (z)T (w) ∼ 2T (w)
(z − w)2 +
∂T (w)
z − w (4.1)
16We used the OPE package OPE-defs.m by K. Thielemans [19]. ⋄
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T (z)jB(w) ∼ j
B(w)
(z − w)2 +
∂jB(w)
z − w (4.2)
T (z)B(w) ∼ 2B(w)
(z − w)2 +
∂B(w)
z −w (4.3)
T (z)jgh(w) ∼ 28
(z − w)3 +
jgh(w)
(z − w)2 +
∂jgh(w)
z −w =
28
(z − w)3 +
jgh(z)
(z − w)2 (4.4)
jB(z)B(w) ∼ −28
(z − w)3 +
jgh(w)
(z − w)2 +
T (w)
z − w (4.5)
jgh(z)jB(w) ∼ j
B(w)
z − w (4.6)
jgh(z)B(w) ∼ −B(w)
z − w (4.7)
jgh(z)jgh(w) ∼ −28
(z − w)2 (4.8)
B(z)B(w) ∼ F (w)
z − w (4.9)
jB(z)Φ(w) ∼ F (w)
z − w (4.10)
with
Tzz = −1
2
ΠzmΠ
m
z + dzα∂θ
α +
1
2
ΠhzmΠ
hm
z − dhzα∂θhα +
+βzm∂ξ
m + ωzα∂λ
α + καz ∂χα + β
′
zm∂ξ
′m + κ′αz ∂χ
′
α + πza∂ϕ
a (4.11)
jBz = −(Πzm −Πhzm)ξm − (idzα − idhzα)λα − (∂θα − ∂θhα)χα +
+iβzm(λγ
mλ) + 2(κzγmλ)ξ
m − πmξ′m − παχ′α (4.12)
Bzz = −1
2
(Πzm +Π
h
zm)β
m
z +
i
2
(idzα + id
h
zα)κ
α
z −
i
2
(∂θα + ∂θhα)ωzα + b
′
a∂ϕ
a (4.13)
jghz = βzmξ
m + ωzαλ
α + καz χα + β
′
zmξ
′m + κ′αz χ
′
α (4.14)
Fzzz ≡ −iβzm
(
κzγ
m(∂θ − ∂θh)
)
+
i
2
(κzγ
mκz)
(
Πzm −Πhzm
)
(4.15)
Φzzz ≡ i
2
βzm(κzγ
mκz) (4.16)
The only term that prevents the algebra from coinciding with an N = 2 superconformal algebra is
the BRST-exact operator F . To turn the Kazama algebra into an N = 2 superconformal algebra, B
can be made nilpotent by adding a quartet of two anticommuting (b′zz, c
′z) and two commuting ghosts
(β′zz , γ
′z) as it is done in [7]17. The ghosts form a quartet
sc′z ≡ −γ′z (4.17)
sβ′zz ≡ −b′zz (4.18)
and thus do not contribute to the cohomology. Having an additional term b′zz∂¯c
′z + β′zz∂¯γ
′z in the
Lagrangian, this corresponds to the following new term in the BRST-current:
jB → jB + b′zzγ′z (4.19)
17In [7] this quartet is called (bzz, c
z, βzz, γ
z), and bzz and c
z are later identified with the worldsheet diffeomorphism
ghosts. However, we disagree with the final BRST charge Q of [7], eqs. (6.1)-(6.3), because it is not nilpotent. In
particular, the operator QV defined in (6.1) does not square to zero. It might be that the resulting terms are Qc
exact, which would be enough to build a relative cohomology, but we decided to seperate the steps of making Bzz
nilpotent via a first quartet (b′zz, c
′z, β′zz, γ
′z) and of including worldsheet diffeomorphism invariance via a second quartet
(bzz, c
z, βzz, γ
z). ⋄
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The term F in the algebra disappears when one changes B to
Bzz → Bzz − 2β′zz∂c′z − c′z∂β′zz − b′zz −
1
2
c′zFzzz − 1
2
γ′zΦzzz (4.20)
The energy momentum tensor now reads
Tzz = −1
2
ΠzmΠ
m
z + dzα∂θ
α +
1
2
ΠhzmΠ
hm
z − dhzα∂θhα + βzm∂ξm + ωzα∂λα + καz ∂χα +
+β′zm∂ξ
′m + κ′αz ∂χ
′
α + πza∂ϕ
a+ 2β′zz∂γ
′z + ∂β′zzγ
′z + 2b′zz∂c
′z + ∂b′zzc
′z (4.21)
and the ghost current becomes
jghz = βzmξ
m + ωzαλ
α + καz χα + β
′
zmξ
′m + κ′αz χ
′
α + b
′
zzc
′z + 2β′zzγ
′z (4.22)
The resulting current algebra is a twisted N = 2 superconformal algebra, as was already shown in [7]:
T (z)T (w) ∼ 2T (w)
(z − w)2 +
∂T (w)
z − w (4.23)
T (z)jB(w) ∼ j
B(w)
(z − w)2 +
∂jB(w)
z − w (4.24)
T (z)B(w) ∼ 2B(w)
(z − w)2 +
∂B(w)
z −w (4.25)
T (z)jgh(w) ∼ 31
(z − w)3 +
jgh(w)
(z − w)2 +
∂jgh(w)
z −w =
31
(z − w)3 +
jgh(z)
(z − w)2 (4.26)
jB(z)B(w) ∼ −31
(z − w)3 +
jgh(w)
(z − w)2 +
T (w)
z − w (4.27)
jgh(z)jB(w) ∼ j
B(w)
z − w (4.28)
jgh(z)B(w) ∼ −B(w)
z − w (4.29)
jgh(z)jgh(w) ∼ −31
(z − w)2 (4.30)
B(z)B(w) ∼ 0 (4.31)
The usual structure can be seen by defining operators T˘ ≡ T − 12∂jgh, J ≡ jgh, G+ ≡ jB, G− ≡ 2B.
This is basically a topological twist in T . The central charge of the superconformal algebra becomes
c = −93:
T˘ (z)T˘ (w) ∼ c/2
(z − w)4 +
2T˘ (w)
(z − w)2 +
∂T˘ (w)
z − w (4.32)
T˘ (z)G± ∼ 3/2 ·G
±(w)
(z − w)2 +
∂G±(w)
z − w (4.33)
T˘ (z)J(w) ∼ J(w)
(z − w)2 +
∂J(w)
z −w =
J(z)
(z − w)2 (4.34)
G+(z)G−(w) ∼ 2c/3
(z − w)3 +
2J(w)
(z − w)2 +
2T˘ (w) + ∂J(w)
z − w (4.35)
J(z)G±(w) ∼ ±J(w)
z − w (4.36)
J(z)J(w) ∼ c/3
(z − w)2 (4.37)
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5 Worldsheet Diffeomorphism Invariance
In order to implement worldsheet diffeomorphism invariance, we would have to gauge the symmetry
corresponding to Tzz. The algebra (especially (4.27)) tells us that we then also have to gauge Bzz
18.
We have not explicitely performed this gauging, but after gauge fixing, one expects the additional
terms cz(Tzz +
1
2T
top
zz ) + γz(Bzz +
1
2B
top
zz ) as given in [20, p.125]. This was of course the idea in [7],
but there the final BRST operator was not nilpotent as mentioned in footnote 17. We now add the
topological quartet (bzz, c
z , βzz, γ
z). This quartet itself obeys an N = 2 superconformal algebra, if one
defines
T topzz = 2βzz∂γ
z + ∂βzzγ
z + 2bzz∂c
z + ∂bzzc
z (5.1)
jB,topz = bzzγ
z (5.2)
Btopzz = −2∂cz βzz − cz∂βzz (5.3)
jgh,top = bzzc
z + 2βzzγ
z (5.4)
The ghosts decouple from the cohomology because
scz ≡ −γz (5.5)
sβzz ≡ −bzz (5.6)
And the Lagrangian is of the form
Ltop = bzz∂¯cz + βzz∂¯γz (5.7)
We want to keep T BRST-exact, and therefore we need jB,topz as part of our final BRST current:
Tzz = [Q,Bzz] (5.8)
T topzz =
[
Qtop, Btopzz
]
(5.9)
⇒
[
Q+Qtop +
∮
cz
(
Tzz +
1
2
T topzz
)
+ γz
(
Bzz +
1
2
Btopzz
)
, Bzz +B
top
zz
]
= Tzz + T
top
zz (5.10)
The final BRST current now reads
jB
z
= −(Πzm −Πhzm)ξm − (idzα − idhzα)λα − (∂θα − ∂θhα)χα +
+iβzm(λγ
mλ) + 2(κzγmλ)ξ
m − πmξ′m − παχ′α + b′zzγ′z + bzzγz +
+cz
(
Tzz +
1
2
T topzz
)
+ γz
(
Bzz +
1
2
Btopzz
)
(5.11)
with
Tzz = −1
2
ΠzmΠ
m
z + dzα∂θ
α +
1
2
ΠhzmΠ
hm
z − dhzα∂θhα + βzm∂ξm + ωzα∂λα + καz ∂χα +
+β′zm∂ξ
′m + κ′αz ∂χ
′
α + πza∂ϕ
a+ 2β′zz∂γ
′z + ∂β′zzγ
′z + 2b′zz∂c
′z + ∂b′zzc
′z (5.12)
Bzz = −1
2
(Πzm +Π
h
zm)β
m
z +
i
2
(idzα + id
h
zα)κ
α
z −
i
2
(∂θα + ∂θhα)ωzα +
+β′zm∂ϕ
m + κ′αz ∂ϕ
α − 2β′zz∂c′z − c′z∂β′zz − b′zz −
1
2
c′zFzzz − 1
2
γ′zΦzzz (5.13)
The final energy-momentum tensor, composite B-field and ghost current are
Tzz = Tzz + T
top = Tzz + 2βzz∂γ
z + ∂βzzγ
z + 2bzz∂c
z + ∂bzzc
z (5.14)
Bzz = Bzz +B
top = Bzz − 2∂cz βzz − cz∂βzz (5.15)
jghz = βzmξ
m + ωzαλ
α + καz χα + β
′
zmξ
′m + κ′αz χ
′
α +
+b′zzc
′z + 2β′zzγ
′z + bzzc
z + 2βzzγ
z (5.16)
18In the twisted theory, this would mean gauging one of the supersymmetry generators. ⋄
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Up to this point the above considerations were independent of the second BRST operator. The
straightforward definitionQc = [Q,K] with the simple homotopyK that we used above, unfortunately,
does not yield a nilpotentQc because of quadratic and cubic antighost terms in the generators Fzzz and
Φzzz in eqs. (4.15) and (4.16), whose contribution to Q does not vanish in Q
2
c = −12 [Q, [K, [K,Q]]].
6 Conclusions and Outlook
Starting from the classical Green Schwarz action we have constructed the type II version of the
covariant superstring of Grassi, Policastro, Porrati and van Nieuwenhuizen. In the first part of the
paper we were aiming at a transparent discussion of off-shell symmetries and their relation to the on-
shell constraint algebras. The gauging of the WZNW model was performed in an unconventional way
that was guided by the cancellation of the central terms in the constraint algebra. Circumventing the
complications of the super group manifold approach we thus arrived at a free action with a nilpotent
BRST charge in a simple and straightforward way.
The next step was the construction of the second BRST charge Qc along the lines suggested
by Grassi and van Nieuwenhuizen in [9]. Such a charge is easily constructed using a homotopy,
which implies nilpotency due to the Jacobi identities. A modification of our charge may, however, be
necessary, because the difference to Berkovits’ BRST operator is not yet Qc exact.
One problem of the Berkovits approach that could be solved in [7] by adding the topological quartet
is the absence of diffeomorphism ghosts. With this quartet they also converted the Kazama algebra
into a twisted N = 2 algebra. We observe, however, that one first has to obtain N = 2 with an
additional quartet before diffeomorphisms (together with the accompanying fermionic symmetry) can
be gauged.
Once the free action and the BRST charges that define the relative cohomology are constructed, it
is clear that a number of tests concerning the viability of this proposal should be made. Another crucial
question is the possible coupling of background fields, which again can be studied by cohomological
techniques of deformation theory. It would be quite interesting to gauge the world sheet translations
and their fermionic partner symmetry and thus obtain the topological quartet through a gauge fixing
procedure of a diffeomorphism invariant theory on the world sheet.
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A Conventions
The main differences between our conventions and those of [7] are:
p → −p (A.1)
d → −d (A.2)
(βzm, ωzα, κ
α
z , bzz, βzz) → (−βzm,−ωzα,−καz ,−bzz,−βzz) (A.3)
JM 6= (Jm, Jα, Jα), JM 6= (Jm, iJα,−iJα) (A.4)
but JM = (Jm, Jα, Jα) = (Jm, Jα,−iJα) (A.5)
JM = (Jm, Jα, Jα) = (Jm, Jα,−iJα) (A.6)
HMN → (−)NHMN (A.7)
fKMN → −fKMN (A.8)
All other conventions are practically the same to make comparison most simple. This includes a metric
of the signature (−,+) and the definition of the lightcone coordinates in the way
σ− ≡ 1
2
(σ1 − σ0) σ0=−iσ2−→ 1
2
(σ1 + iσ2) ≡ z (A.9)
σ+ ≡ 1
2
(σ1 + σ0)
σ0=−iσ2−→ 1
2
(σ1 − iσ2) ≡ z¯ (A.10)
∂ ≡ ∂− = ∂1 − ∂0 σ
0=−iσ2−→ ∂1 − i∂2 = ∂z ≡ ∂ (A.11)
∂¯ ≡ ∂+ = ∂1 + ∂0 σ
0=−iσ2−→ ∂1 + i∂2 = ∂z¯ ≡ ∂¯ (A.12)
g−+ = 2 = gzz¯ (A.13)
g−+ =
1
2
gzz¯ (A.14)
The right hand side is the definition of the complex coordinates of the Euclidean theory. We do not
distinguish between ∂− and ∂z and call both of them ∂. The conformal map of the closed string
worldsheet to the punctured complex plane has to look as follows
z′ = e−2iz = e−iσ
1+σ2 (A.15)
We will not distinguish between z and z′. In OPE’s, the variable z is the one of the punctured plane.
Wherever the string parameter α′ is suppressed, it is set to
α′ = 2 (A.16)
For the representation of the Gamma matrices, we refer to [6, p.14]. All what we need from the
discussion in there is
CΓm =
(
γmαβ 0
0 γmαβ
)
(A.17)
With symmetric matrices γmαβ and γ
mαβ which both obey (up to the position of the indices) a Fierz
identity of the form
γm(αβγ
m
γ)δ = 0 (A.18)
In addition the following equation holds
γmαβγ
nβγ + γnαβγ
mβγ = −2ηmnδγα (A.19)
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(Here we disagree with the sign of [6, p.16]). For a Dirac spinor Ψ = (ψα, ϕα), we thus have
Ψ¯ΓmΨ = ψαγmαβψ
β + ϕαγ
mαβϕβ ≡ (ψγmψ) + (ϕγmϕ) (A.20)
We will consider Majorana-Weyl Femions only. θα e.g. is real and has 16 components. A hat̂on the
index allows to treat type IIA and type IIB strings at the same time:
θˆαˆ ≡
{
θˆα for type IIA
θˆα for type IIB
(A.21)
In the text we often call the hatted variables “antichiral” and the others “chiral”. This refers to
“right-moving” and “left-moving” and does not necessarily imply type IIA.
A.1 Minkowskian and Euclidean Lagrangian
The Minkowskian free field action is
S =
1
2πα′
∫
d2σ
√−g
(
−1
2
∂µx
m∂µxm + P
µνpµα∂νθ
α
)
︸ ︷︷ ︸
≡L
(A.22)
d2σ = dσ0dσ1 (A.23)
Pµν ≡ gµν − εµν , ηµν = diag (−1, 1) (A.24)
εµν ≡ ǫ
µν
√−g , ǫ
01 = 1 = −ǫ10 (A.25)
In our calculations we consider coordinates σ0 and σ1 for which we have a flat worldsheet metric ηµν
and stick to this σ0 as the canonical time. This implies that we do not transform the measure, when
we consider the Lightcone coordinates. We denote by L not the complete Lagrangian but only the
inner (scalar) part
L ≡ −1
2
∂µx
m∂µxm + P
µνpµα∂νθ
α (A.26)
So if we change to lightcone coordinates, we do not have to consider a factor of 2 coming from
√−g .
One can then just write an equality of the form
L ≡ −1
2
∂µx
m∂µxm + P
µνpµα∂νθ
α = (A.27)
= −1
2
∂xm∂¯xm + p−α∂¯θ
α (A.28)
We arrive at the Euclidean action by replacing the Minkowskian by an Euclidean metric, multiplying
with an overall minus sign and redefining εµν with an extra −i.
SE = − 1
2πα′
∫
d2σ
√
g
(
−1
2
∂µx
m∂µxm + P
µνpµα∂νθ
α
)
︸ ︷︷ ︸
≡LE
(A.29)
d2σ = dσ2dσ1 (A.30)
Pµν ≡ gµν − εµν (A.31)
εµν ≡ − iǫ
µν
√
g
, ǫ12 = 1 = −ǫ21 (A.32)
For a flat metric we thus do not have to distinguish between Minkowskian and Euclidean Lagrangian,
so we will use the indices “−” and “z” synonymously.
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Switching to complex coordinates in some sense undoes the Wick rotation as the determinant
of the metric becomes negative. The measure transforms as follows
d2z ≡ dzdz¯ = 1
4
(
dσ1 + idσ2
) (
dσ1 − idσ2) = i
2
dσ2dσ1 =
i
2
d2σ (A.33)
d2σ = −2id2z (A.34)
SEcomp =
i
πα′
∫
d2z
(
−1
2
∂xm∂¯xm + pzα∂¯θ
α
)
︸ ︷︷ ︸
LEcomp
(A.35)
εzz¯ = −1
2
= ε−+ (A.36)
εzz¯ = 2 = ε−+ (A.37)
In explicit calculations we do not specify whether we are in the Euclidean or in the Minkowskian case
and thus just write
S =
∫
L (A.38)
where all the necessary prefactors and the measure are part of the
∫
-sign. As it looks nicer, we will
write the index z whenever we are either in lightcone or in complex coordinates. We treat these
coordinates in the same way, as already mentioned.
A.2 Superspace-Conventions
Similar to [7], we use strict Southwest-Northeast conventions (NE for short) for capital indices, i.e.
they are contracted in the following way:
TMJ
M = (−)MJMTM (A.39)
In this convention it also makes sense to introduce two different Kronecker-deltas:
δMN ≡ δMN = (−)MNδNM = (−)MδNM (A.40)
where the lefthand side is numerically equal to the usual Kronecker delta. However, we do not make
this distinction for small indices, because they are always of definite grading
δβα = δα
β = δβα (A.41)
Also the contraction direction (NE) is not important for the small indices. For matrices we define
a graded inverse that yields the appropriate Kronecker delta. In the case of a metric the graded
inverse gets the same symbol with different index positions:
HMPHPN = δMN = (−)MδNM (A.42)
(−)PHMPHPN = δMN = δNM (A.43)
From the second line one sees how the graded inverse is numerically related to the ordinary inverse:
(H−1)MP = (−)PHMP (A.44)
We denote the graded commutator always with the ordinary squared brackets:
[A,B] ≡ AB − (−)ABBA (A.45)
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